Abstract. We show some examples of topological zeta functions associated to an isolated plane curve singular point and an allowed, in the sense of [6] , differential form that have several poles of order two. This is in contrast to the case of the standard differential form where, as showed by Veys for plane curves [8] and by Nicaise and Xu in general [7] , there is always at most one pole of order two.
Introduction
W. Veys determined all poles of the local topological zeta function of an isolated singular point of a plane curve [8] . In particular, he showed [8, Theorem 4.2] that there is at most one pole of order two, and, if there is such a pole of order two, it is the largest pole, and its value is the opposite of the log canonical threshold of the singular point. Later, Veys conjetured that the analogous statements hold for arbitrary dimension [2, Conjecture 0.2], and proved, together with A. Laeremans, the result for polynomials that are nondegenerate with respect to their Newton polyhedron at the origin. They also noticed that a double pole must be of the form −1/n for some n ∈ N\{0} [2, Corollary 3.4] . Finally, the conjecture has recently been established by J. Nicaise and C. Xu [7, Theorem 3.5] .
Loeser already proved [3] that if s 0 is a pole of order two of topological zeta functions of a singular point of a reduced plane curve, then the monodromy operator of the Milnor fibration of the singular point has a Jordan block of size two for the eigenvalue exp(2πis 0 ). This fact has been generalized, answering a question of C.T.C. Wall [10] , for non reduced plane curves by A. Melle-Hernández, T. Torelli and W. Veys [5] .
Motivated by the remark that the poles of the topological zeta function determine only a few eigenvalues of the monodromy of the singular point, A. Nmethi and W. Veys proposed to study generalized topological zeta functions. Generalized topological zeta functions are associated to a function and an allowed differential form. The collection of allowed differential forms for a given funcion f must verify the following three conditions: (1) The standard differential form is allowed. (2) If s 0 is a pole of the generalized zeta function associated to the given function and an allowed differential form, then exp(2πis 0 ) is an eigenvalue of the monodromy. (3) Any eigenvalue is of the form exp(2πis 0 ) for a pole s 0 of the generalized zeta function associated to some allowed form.
In this note, we show some examples of generalized zeta functions associated to an isolated plane curve singular point and an allowed that have several poles of order two. We also discuss on some examples which combinations of order two poles can appear and find examples where the double pole is not of the form −1/n.
Generalized local topological zeta functions
Let us define the local topological zeta function associated to an isolated singular point of a plane curve defined by f : C 2 → C and a differential form ω. Let π : X → C 2 be an embedded resolution of f −1 (0) ∪ div(ω). We will consider only holomorphic forms ω such that an embedded resolution of f −1 (0) is also a resolution of f −1 (0) ∪ div(ω) and the branching components of both resolutions coincide. We denote by E i , i ∈ S, the irreducible components (exceptional divisors and strict transforms) of the inverse image π
We denote by N i and ν i − 1 the multiplicities of E i in the divisor of π * f and π * ω, respectively. The family {(N i , ν i )} i∈S is called the numerical data of the resolution (X, π, f, ω). We consider the stratification of X in locally closed subsets given by the subsets
Definition 2.1. The (local) topological zeta function of (f, ω) at 0 ∈ C is
Example 2.2. Let us consider the following two families of cuspidal singular points of complex plane curve.
• g a = (x − ay 2 ) 2 + y 5 , defines a (2, 5) cusp tangent to {x = 0} for any a ∈ C,
, defines a (3, 7) cusp tangent to {y = 0} for any b ∈ C.
For any choice a, b ∈ C with a, b = 1, and a = b, the product
defines an isolated singular point of a plane curve with 5 branches. The dual resolution graph and the numerical data of f a,b and the differential form ω = dxdy are shown in Figure 1 . Notice that the default numerical data of arrows are (1, 1). The Milnor number of f −1 ab (0) at the origin is 188 and the monodromy operator associated to its Milnor fibration has 9 Jordan blocks of size 2. The eigenvalues (resp. the eigenvalues corresponding to the Jordan blocks of size 2) are given by the roots of
The local topological zeta function has a pole (−1/6) of order two, due to the subgraph formed by the three vertices with decorations (12, 2) and ( (57 s + 10)(38 s + 7)(6 s + 1) 2 (s + 1) .
Examples with several poles of order two
The following examples show how to produce several poles of order two considering allowed differential forms.
Example 3.1. Let us consider f ab from Example 2.2 together with the differential form ω 1 = x 3 dxdy. Assuming that a = 0, the dual resolution graph is in Figure 2 , showing also the numerical data of f and the differential form ω 1 . Again, the default numerical data of (solid) arrows are (1, 1); dashed rows correspond to the strict transform of (ω 1 ). 
Assuming that ab = 0, the dual resolution graph and the numerical data of f ab and the differential form ω 2 are in Figure 3 . Again, the default numerical data of (solid) arrows are (1, 1) and dashed arrows correspond to the strict transform of (ω 2 ). In this example, the local topological zeta function has two poles (−3/2 and −5/3) of order two, and it is given by
The pole −3/2 is due to the the vertices with decorations (18, 27) and (38, 57) and the edges between them. The pole −5/3 is due to the the vertices with decorations (18, 30) and (57, 95) and the edges between them.
Remark 3.3. It is not hard to prove that it is impossible to find any pair of double poles. First, if the pole attached to the first exceptional component is double, no other double pole exists. This is the case of the poles of the form − − k, and −
6
− k, for some k ∈ Z >0 . Notice that − 1 6 (resp. − 5 6 ) is attained with the standard differential form (resp. with the form ω 3 = (xy) 4 dxdy), see Examples 2.2, and 4.1. Moreover, it is not possible to simultaneously achieve double poles of the forms − 
Poles distinct from −1/n
The following examples show how to produce poles of order two distinct from −1/n considering allowed differential forms. 4 dxdy. The dual resolution graph and the numerical data of f and the differential form ω 2 are in Figure 4 . Again, the default numerical data of (solid) arrows are (1, 1) and dashed arrows correspond to the strict transform of (ω 3 ). The local topological zeta function has a pole (−5/6) of order two, and it is given by 
a−1 dxdy, a ≥ 1. An embedded resolution of (g p,q , ω) has too many irreducible components, but in [1, Example 4.6] we have a Q-resolution with few strata, see Figure 5 , where [•] stands for the order of the group associated to the 0-dimensional stratum, see the explanation below.
The concept of an embedded Q-resolution π : X → C 2 was introduced in [4] . For dimension 2, we mean that a finite set of points in the exceptional divisor may be quotient singularities for some cyclic group; the preimage of the total divisor satisfies a natural condition of Q-normal crossings. In this case there are also some strata p (p + q)(a + ps) Figure 5 . Q-resolution of (y p + x q )(y q + x p ).
The one-dimensional strata will be of the formE i = E i \ j =i E j ∪ {p } . The intersection of two components E i ∩E j has also associated an order m i,j ≥ 1. Following [9] we have:
Applying the formula we obtain Z top (g p,q , ω; s) = q − p q + p 1 (a + ps) 2 + 2 (a − p)(q + p)
In particular, for a ≡ 0 mod p, we obtain that − a p is a double pole.
